The validity of the Kirchhoff approximation for rough surface scattering is examined by comparison with exact results obtained by solving an integral equation. The pressure release boundary condition is assumed. The field quantity calculated is the bistatic scattering cross section, which is obtained with a Monte Carlo technique. The accuracy of correcting the Kirchhoff scattering cross section for shadowing is also addressed. The surface realizations used are randomly rough with a Gaussian roughness spectrum and have height variations in only one direction. The surface correlation length is found to be the most important parameter in defining the valid region of the Kirchhoff approximation away from the low grazing angle region. A procedure is given that provides a quantitative measure of the accuracy of the shadow-corrected approximation when the root-mean-square (rms) slope angle of the surface y is •< 20* and when the incident grazing angle 0 is >• 2y. Examples with 0 •< 2), are also discussed.
nique. For each case, 50 surface realizations consistent with the Gaussian spectrum are generated. The scattered intensity in the farfield, which is a function of the scattering angle for a specified incident angle, is computed numerically for each realization using the integral equation method. The scattering cross section and the scattering strength defined by 10 log cr are found from the average scattered intensity. A similar Monte Carlo computation is then done for comparison using the Kirchhoff approximation. The standard Kirchhoff approximation cross section is also calculated--that is, the ensemble averaging is performed theoretically using the statistical properties of the surfaces; this approach avoids the Monte Carlo method.
It is well known that effects of shadowing must be taken into account in calculating the scattering cross section, both for low incident grazing angles (incident field shadowing) and for low scattered grazing angles (scattered field shadowing). The Kirchhoff approximation does not account for shadowing. Corrections for shadowing are available from the literature, •3 but they are based on the high-frequency limit, or geometric optics, approximation and do not account for diffraction or other finite wavelength effects. The accuracy of correcting the Kirchhoff scattering cross section, which does include diffraction, with a shadowing theory based on geometric optics is an open question. Establishing the accuracy of the shadow-corrected Kirchhoff cross section is therefore an important part of this work.
The goal of the present study is to clarify the conditions under which the Kirchhoff approximation (or Kirchhoff approximation with shadowing correction) fails for a Gaussian roughness spectrum and to give a quantitative procedure for estimating the error when the error is modest. The general problem is simplified here in several respects. First, the rms slope angle y of the surface is chosen to be • 20 ø. Second, we concentrate on relatively large incident grazing angles 0, where 0 •> 27.
The main results are as follows. In general, the ratio of surface correlation length l to acoustic wavelength A is the key surface parameter in determining the validity of the Kirchhoff approximation. This is in contrast to the commonly held view that the ratio of the radius of curvature to the acoustic wavelength is the important parameter. The validity of the Kirchhoff approximation depends in addition on the relationship between .the incident and scattered grazing angles and the rms slope (or effective rms slope, to be defined later); this dependence can be readily associated with shadowing or multiple scattering effects.
The Kirchhoff approximation has been found to be in error under two sets of conditions when 0 •> 2y. First, for 1 / A •> 1, the only significant error in the Kirchhoff cross section appears to be related to shadowing of the scattered field, but it is not completely accounted for by standard shadowing theory. When shadowing is not important, the Kirchhoff approximation is accurate; this includes the bistatic backscatter region. Comparisons with exact results show the apparent shadowing correction to be greater than that given by geometric optics theory. Second, as 1/A decreases below 1, shadowing corrections are still needed, but the Kirchhoff approximation yields progressively higher scattering cross sections relative to the exact result for bistatic backscatter.
The error occurs in such a way that use of an effective correlation length l' > l in the Kirchhoff calculation yields good agreement with exact results. The appropriate value of l' depends on/, but appears independent of incident grazing angle (0• > 20 ø) and rms surface slope (y•< 2IT). Simple algorithms are proposed to indicate when the standard Kirchhoff scattering cross section plus shadowing correction is accurate to within about I dB for the parameters studied.
The situation for incident grazing angles lower than • 2y is also briefly discussed. The bistatic backscatter region can be assessed using the same algorithms as above, but the forward scatter region is more complicated. It appears that for these conditions shadowing is not sufficient to account for the full effect of multiple scattering. The lower grazing angle region is the subject of further study.
Section I provides details of the exact scattering compu- have studied sinusoidal and other periodic surfaces using methods that exploit periodicity. These calculations can also be made without invoking periodicity by using surfaces of finite length, as was done, for example, by Fung and coworkers for scattering from randomly rough surfaces.
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The latter method is used in the present work. The incident field is chosen to fall off smoothly near the ends of the finite length surface segment, thereby avoiding edge effects (Sec. I C). This method can be cast into two formally equivalent forms (using linear integral equations of the first or second kind), both of which are numerically well conditioned. This provides a very useful numerical check.
A. Integral equations
The Helmholtz integral formula is our starting point for obtaining the exact solution to scattering from a I-D surface with free-surface boundary conditions. Using this formula, we can write the total acoustic pressure p(D that results from an incident field Pi,c (•) interacting with a rough sur- Alternately, we can apply the operator 0/On = h.• to ( 1 ), with h the outward normal (Fig. 1 ) 
On'
Equation ( 
The expression for A m= in ( 5 ) follows from (7) when the small argument expansion for Ho tt• is used. In ( An alternate form ofp•,• (F), which satisfies the wave equation exactly, is given in the Appendix, together with a derivation of Eq. ( 11 ), which is a more convenient form to use. Comparisons of the integral equation solutions using (11 ) and the form in the Appendix show (11 ) to be fully adequate for the cases discussed in this paper. The finite angular width of the incident field is also discussed in the Appendix.
C. Scattering cross section
The results of the scattering calculations will be presented in terms of the scattering strength defined by SS = 10 log a(0,0, ), 
For all the examples discussed in this paper, the term of order (kg sin 0) -z is g 1 and could be neglected; it is included for completeness. This also applies to Eq. (24). 
E. R•,ndom surface generation
For each Monte Carlo run, 50 surface realizations are 25 generated using a spectral method. The object is to generate realizations of the surface height function f(x) consis-tent with a given roughness spectrum and obeying Gaussian statistics, i.e., having Gaussian distributed heights and slopes. We begin with a surface roughness spectral density referred to as spectral leakage. The level of the spectral tail could be reduced further by increasing the ratio L/g, but it has an insignificant effect in the present work. Ira rectangulax window function is used, the level of the spectral tail is 30 dB higher. The corresponding scattering problem with an untapered plane wave (using the numerical method of Sec. I A) does not represent scattering from a Gaussian roughness spectrum. Edge effects dominate the scattered field when the true scattering strength lies below about --30 dB for L = 80A.
It has also been useful to compute estimates of the surface rms height, rms slope, and rms second derivative. For example, the estimates for the mean-square height and slope 
C. The Kirchhoff approximation with theoretical ensemble averaging
With the Kirchhoffapproximation, it is not necessary to use a Monte Carlo method to compute moments of the scattered field. Instead, the statistical properties of the surfaces are used to perform the ensemble average theoretically for the case of a plane wave incident on an arbitrarily long surface. This calculation is now outlined and the results are compared with those of the Monte Carlo method. The scattered coherent field depends explicitly on the surface length if the coherent field is described by a cross section. Thus the standard theoretical method is modified here taking this into account. We compute a "theoretical" total cross section in the Kirchhoff approximation using 007 ' = 00incoh + Rcoh' 0ors ß
In ( 
and 0ors is the finite length flat surface cross section in the Kirchhoffapproximation. The cross section 0ors is computed numerically using the incident field from Sec. I B; this factor provides a finite angular width for the coherent component.
The two Kirchhoff calculations are compared in Fig. 4 . We see that the finite surface length Monte Carlo result is converging well to the theoretical result, which is for an infinite length surface except for the specular peak. It appears that the surfaces are sufficiently long to allow direct comparison between the Monte Carlo output and theory (which is based on infinite length surfaces). In general, however, the most reliable comparisons will be between the exact and approximate methods, which are both applied to the same set of surfaces in Monte Carlo calculations.
We will also find it useful to consider the high-frequency, or geometric optics, limit. The geometric optics cross This will be discussed further in Sec. III.
III. ANALYSIS OF THE KIRCHHOFF APPROXIMATION
The validity criterion commonly used for the Kirchhoff approximation is based on the local radius of curvature of the surface. For a deterministic surface, the criterion is that at each point on the suftace 33 2k IR Isin 3 0g •, 1, where k is the acoustic wavenumber, R is the radius of curvature, and as is the local grazing angle of the incident field (Fig. 1 ) . A corresponding criterion for randomly rough sur- 
With the Gaussian roughness spectrum (19), the parameter space of interest involves h/,•, 1/•, 0, and 0,. A logical goal is to replace (33) with a condition involving these parameters that guarantees accuracy of the Kirchhoff prediction to within a given limit--for example, 2 dB. This approach has not proved to be practical. As a starting point, in two respects (33) turns out to be deficient as it stands. Fig. 1 . It follows that any criterion should also satisfy reciprocity; (33) dearly does not. Second, as will be seen later, .
First, both the Kirchhoffapproximation [e.g., see Eq. (27) ] and the e•act scattering cross sections satisfy reciprocity--that is, the scattering cross section a(0,0• ) is invariant to the interchange of 0 and 0, as defined in
• is not the key surface parameter for delimiting the region of validity of the Kirchhoff approximation, nor has some other simple inequality involving h/,•, l/A, O, and 0 s emerged to replace (33). Instead, a more indirect strategy has been adopted to define the validity region, as will be discussed later.
A. Examples of error in the Kirchhoff approximation
We begin by briefly reviewing the example in Sec. II. A detailed investigation of the valid region of first-order perturbation theory will be given elsewhere. Here, we merely note that, for the example given by Fig. 6, neither 9(b) is redone with double the surface length (L = 160A, N = 800) in Fig. 10 . Figure 10(a) shows that the error in the shadowing correction (0• = 170%180*) is not changed significantly. The error may appear small in Fig. 10(a) , just below 0f = 180 ø, but it reaches 3 dB before the finite angular resolution of the integral equation scattering strength becomes a factor as 0• approaches 180 ø (angular resolution is discussed briefly in the Appendix). Figure 10(b) illustrates the exceptional accuracy of the Kirchhoff approximation for backscattering for surfaces with long correlation lengths.
Figure 10(c) shows an effect alluded to at the end of Sec.
I E: differences in the Kirchhoff Monte Carlo and Kirchhoff theoretical calculations for bistatic backscattering when 1/ A •> 1. A corresponding effect is apparent in Fig. 10(a) . As 1 / A and h/A increase, the Kirchhoffprediction approaches the geometric optics result of Eq. (30), as shown in Fig. 10(d) . In this limit, the scattering cross section is proportional to the probability of occurrence of a surface slope that will "reflect" a ray from the incident to the scattered direction. Relatively high slopes arc required for backscattering and the probability of occurrence can become extremely small, thereby leading to large fluctuations in scattering level. Detailed investigation of the surface slopes for the case of Fig.  10 shows a deficiency in the appropriate slopes corresponding to 0s < 40, the same region where the discrepancies appear in Fig. 10(a) As one further aside from the shadowing discussion, there is a tendency in Figs. 5, 9, and 10 for the integral equation scattering strengths to be up to 1 dB higher than the shadowed Kirchhoff scattering strengths for 120' •< 0• •< 160'. This error is not considered significant, but may become so if the condition 0 • 21' is not maintained. This point will be discussed in See. III E.
We 
Equation (39) implies that shadowing theory should be valid down to a grazing angle of about 9.2 ø in Fig. 9 (a) and 6.6 ø in Figs. 9(b) and 10(a). In the forward direction, the difference between the integral equation and shadowed Kirchhoff results reaches 1 dB at grazing angles of 9.1 ø in Fig. 9 (a) , 7.1 ø in Fig. 9(b) , and 6.0øin Fig. 10(a 
D. Effective correlation length
We now turn to a discussion of the Kirchhoff approximation error at short correlation lengths (Figs. 6 and 7) . As noted previously, the error increases for bistatic backscattering as l/;t is reduced below 1. Inspection of numerous results does not suggest an analytic inequality that describes accurately the validity region in the parameter space of interest. Instead we have found that the integral equation predictions can be replicated by using an effective correlation length l' > l in the theoretical Kirchhoff calculations. At present, this replacement is not based on theory, yet it does appear to be an important organizing principle for interpreting the results. rameters, the Kirchhoff cross section is approaching the first-order perturbation cross section, so the appropriateness of applying any shadowing correction at all is questionable. Second, allowing 8 to drop below -27/appears to enhance the multiple scattering contribution to the cross section near the specular direction in a way that is not taken into account with the shadowing correction. The shadowing correction becomes too great well before the Kirchhoff cross section reduces to the first-order perturbation cross section. We have found that a convenient way of inferring that shadowing is becoming inappropriate is to compare the Kirchhoff and geometric optics predictions; this is done in Fig. 15 ference effect among neighboring scattering sites on the rough surface; thus shadowing concepts no longer apply. If shadowing is applied here, the shadowed cross section will be too low (Fig. 14) .
Using the "Kirchhoff geometric optics comparison test," the examples in Figs. 12 and 13 are found to be marginal for shadowing corrections in the forward direction (in fact, the case in Fig. 12 does not appear to pass When l/A •< 1, the Kirchhoff approximation predicts high scattering strengths for bistatic backscattering. The correct scattering levels are replicated using an effective correlation length l' > l (Fig. 11 ) When O •< 27., the Kirchhoff accuracy can still be assessed for bistatic backscattering using the method described, but forward scattering becomes more complicated (Sec. III E). In this region, multiple scattering evidently enhances the cross section near the specular direction; therefore, shadowing corrections are no longer sufficient to handle the effects of multiple scattering. Finally, we find examples at low incident grazing angles (and low Rayleigh roughness parameters) where the concept of shadowing breaks down; for these cases, the shadowing correction increases the error. Here, the Kirchhoff result is approaching the firstorder perturbation theory result where shadowing is not appropriate. Further work is required to fully understand the applicability of the Kirchhoff approximation to forward scattering with low incident grazing angles. Similarly, the angular resolution of the scattered field will be inversely proportional to both the surface length and sin 0s. Effects of the finite angular resolution become noticeable if the scattering strength drops rapidly as sin 0 s --, 0. In such cases an upward bias in the scattering strengths is observed for scattered grazing angles below about 5 ø [compare Figs. 9(b) and 10(a) ].
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